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We investigate the observational effects of a quintessence model in an anisotropic spacetime. The
anisotropic metric is a non-rotating particular case of a generalized Go¨del’s metric and is classified
as Bianchi III. This metric is an exact solution of the Einstein-Klein-Gordon field equations with
an anisotropic scalar field ψ, which is responsible for the anisotropy of the spacetime geometry. We
test the model against observations of type Ia supernovae, analyzing the SDSS dataset calibrated
with the MLCS2k2 fitter, and the results are compared to standard quintessence models with Ratra-
Peebles potentials. We obtain a good agreement with observations, with best values for the matter
and curvature density parameters ΩM = 0.29 and Ωk = 0.01 respectively. We conclude that present
SNe Ia observations cannot, alone, distinguish a possible anisotropic axis in the cosmos.
I. INTRODUCTION
Einstein’s theory of relativity establishes a two-way relation between geometry and the dynamics of the energy-
matter content of the universe. Within this context, a remarkable feature of our universe is that its observed dynamics
demands that most of its energy originates of some peculiar fluid entity that is not gravitationally attractive. This so
called dark energy has a repulsive behavior and is responsible for the increase in the expansion rate of the universe. If
we concern about the dynamics of the cosmos, the dark energy content plays a major role in its evolution, representing
about 3/4 of the critical density. The evidence of its existence has been strongly corroborated by distance measure-
ments of type Ia supernovae [1]. The evidence accrues with measurements of the Cosmic Microwave Background
(CMB) anisotropies [2, 3] and clustering estimates [4]. The description of dark energy has been historically modeled
by the simplest of the alternatives, the Einstein’s cosmological constant. The cosmological constant Λ has great
success in best-fitting different observational data with high accuracy, although there is not a robust microphysics to
clarify its origin. All the same, the description by a cosmological constant is sieged with some pathologies [5]. It has
the theoretical inconvenient of requiring a fine-tuning of initial conditions, adjusting Λ to the value measured today.
It is also difficult to explain why the dark energy density has initiated to dominate the cosmic dynamics so close to
our era, fact known as the coincidence problem.
Different dark energy candidates can model the accelerated expansion. Among the most popular possibilities are
scalar field quintessence models [6, 7], decaying vacuum theories [8, 9], f [R] theories [10] and even unusual anisotropic
f [T ] [11]. The description by means of an energy component with dynamical evolution may elucidate, with a more solid
theoretical background, how the dark energy has evolved to dominate the dynamics of the universe. The quintessence
tracker models may also alleviate the problem of cosmic coincidence [6] once the present dark energy density can be
obtained from a wide range of initial conditions. Here we will choose a scalar field model with the Ratra-Peebles
potential [12]. The dynamics of this type of quintessence depends on the background, and it naturally evolves to an
asymptotic Λ-like behavior in the present era.
On the other hand, some observational tests need to be performed in order to analyse the possibility that our
universe may not be perfectly isotropic [13–15]. There are indications of a possible preferred direction, sometimes
called the axis of evil [16]. Since many observations does indicate a high degree of isotropy, this possible anisotropy
must be very small in order to maintain a good agreement with those observations (see, for example, [17, 18]).
In this paper we study a Bianchi III anisotropic metric, here named RTKO (Rebouc¸as-Tiomno-Korotkii-Obukhov)
metric after [19, 20] (see also [21–23]). This spacetime is shear free, homogeneous and has conformal expansion,
which guarantees the isotropy of CMB. In order to account for the anisotropy of this background, the cosmic fluid is
modeled by an anisotropic scalar field ψ, that will be responsible for an additional pressure in the preferred direction.
Choosing ψ properly [22–24] we can find an exact solution for the Einstein and Klein-Gordon equations.
The main goal of this work is to study the observational viability, via SNe Ia distance measurements, of quintessence
models with Ratra-Peebles potential in RTKO curved spacetime. The paper is organized as follows. In Sec. II we
revise the anisotropic RTKO metric and some of its properties. In Sec. III we take a detailed look at the corresponding
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2cosmological model with dark energy described by a tracker quintessence model. In Sec. IV we analyze the model
observational viability, using SNe Ia observations. We finish by summarizing our conclusions and results in Sec. V.
In this paper we use 8piG = c = ~ = 1.
II. RTKO METRIC
RTKO metrics are a special case of Go¨del’s metrics, which include rotation and are generally classified as Bianchi
III. In Cartesian coordinates the line element is
ds2 = a2(η)
[
(dη + lexdy)2 − dx2 − e2xdy2 − dz2] , (1)
where η is the conformal time defined by dη = dt/a(η), and a(η) is the scale factor. Although it can admit rotation
for 0 < l < 1, this rotation parameter will be set to zero. Our metric then reduces to
ds2 = a2(η)
[
dη2 − dx2 − e2xdy2 − dz2] . (2)
It possesses the Killing vectors ξ1 = ∂x − y∂y, ξ2 = ∂y, ξ3 = ∂z. It has also an additional conformal Killing vector
ξµC = δ
µ
0 , which guarantees the isotropy of CMB on this background [25]. This spacetime is the product of the real
line and a hyperbolic manifold, R×H2. In cylindrical coordinates xµ = (η, r, φ, z), it is written as
ds2 = a2(η)(dη2 − dr2 − sinh2 rdϕ2 − dz2). (3)
The Einstein’s equations for this metric are
T 00 a
4 = 3a′2 − a2, (4)
T 11 a
4 = T 22 a
4 = 2aa′′ − a′2, (5)
T 33 a
2 = T 11 a
2 − 1, (6)
with Tµν = 0 for µ 6= ν. The prime denotes derivative with respect to the conformal time. This leads to an energy
density ρa4 = 3a′2 − a2, and to pressures p1a4 = p2a4 = −2aa′′ + a′2 and p3a2 = p2a2 − 1. A simple solution can
be obtained by adding an anisotropic scalar field ψ that accounts for the extra pressure in z direction [22], suitably
choosing ψ as
ψ(z) = Cz. (7)
The Klein-Gordon equation,
ψ;µν =
1√−g (
√−gψ,µgµν),ν = 0, (8)
is simultaneously satisfied. For the scalar field we have T
(ψ)
00 = C
2/2a2, T
(ψ)
11 = T
(ψ)
22 = −T (ψ)33 = C2/2a2. Now we
define ρ = ρ¯+ ρ(ψ) and p = p¯+ p(ψ), to obtain
p¯3a
2 + p
(ψ)
3 a
2 = p¯1a
2 + p
(ψ)
1 a
2 + 1, (9)
p¯3a
2 = p¯1a
2 − C2 + 1. (10)
If we take C2 = 1 we have
p¯1 = p¯2 = p¯3, (11)
where now ρ¯ and p¯ refer respectively to the energy density and pressure of the cosmic fluid isotropic components. In
this way, the Einstein’s equations acquire the same form as in a FLRW open model with curvature k = −1/2,
ρ¯a4 = 3a′2 − 3
2
a2, (12)
p¯a4 = a′2 − 2aa′′ + a
2
2
. (13)
If we divide (12) by 3a4, we obtain the Friedmann equation for the RTKO metric,
H2 =
ρ¯
3
+
1
2a2
, (14)
where H(η) ≡ a′/a2. Now we are ready to include a dark energy component, which will account for the accelerated
expansion in this model.
3III. QUINTESSENCE TRACKER MODEL
We will model the accelerated expantion with an isotropic and homogeneous scalar field φ, which is a function
of time. Our analysis will be restricted to the tracker potential of Ratra & Peebles [12]. The action for this field,
considering a minimal coupling to gravity, is given by
S =
∫
d4x
√−gL(φ, ∂µφ), (15)
where the Lagrangian density is
L = 1
2
∂µφ∂
µφ− V (φ). (16)
The first term in (16) corresponds to the field kinetic energy, and V (φ) is the field potencial energy. The energy
density and pressure will then be
ρφ =
1
2
φ˙2 + V (φ), (17)
pφ =
1
2
φ˙2 − V (φ), (18)
From the energy conservation equation we have, for the quintessence field,
φ¨+ 3Hφ˙+ V ′(φ) = 0, (19)
where the dot and the prime denote derivatives with respect to conformal time and to φ, respectively. The potential
on which we base our analysis is defined by
V (φ) =
M4+α
φα
, (20)
where M is a positive constant and the parameter α is fixed to α = 1 or α = 2. The Ratra-Peebles belongs to a class of
potentials which exhibit a tracker behavior [7, 12], making them very suitable quintessence models, once a very large
number of initial conditions leads to the same late-time behavior in the quintessence dominant era. From Einstein’s
equations with the RTKO metric we can build a cosmological model with radiation, matter and quintessence field.
The Friedman equation gets the form
3H2 = ρm + ρr + ρφ − 3k
a2
, (21)
where ρφ is defined by (17), while ρm and ρr are the densities of non-relativistic matter and radiation, respectively.
Now we can write
3H2 = ρr,0
(a0
a
)4
+ ρm,0
(a0
a
)3
+
1
2
φ˙2 + V (φ)− 3k
a2
, (22)
where a0 is the present scale factor. This equation can be rewritten as
H2
H20
= Ωr,0
(a0
a
)4
+ Ωm,0
(a0
a
)3
+ Ωφ + Ωk,0
(a0
a
)2
, (23)
where Ωi (i = m, r, φ) are the relative density parameters.
As shown in figure 1, in the late times of cosmic evolution the quintessence scalar field dominates the dynamics
of the Universe. Once radiation, matter density and curvature density can be neglected in comparison to the dark
energy density, the Friedmann equation (23) reduces to the simple form
H2 =
ρφ
3
, (24)
which can be put in (19) to give
φ¨+
√
3ρφφ˙− αM
4+α
φα+1
= 0. (25)
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FIG. 1: Energy densities ρi of the different cosmic components and the cosmological constant for reference (left) and the
kinetic and potential energies of the quintessence field (right).
In this case the dissipation term −√3ρφφ˙ gradually makes the kinetic energy 12 φ˙2 smaller than the potential energy
V (φ). Hence, we can use the slow-roll approximation, doing φ˙2 approximately constant, once φ¨ becomes much smaller
than V (φ). From ρφ ≈ V (φ) we have √
3
M4+α
φα+1
φ˙ = α
M4+α
φα+1
, (26)
whose solution is
φ(t) = M
[
α(2 + α/2)2t√
3
] 1
2+α/2
+ C1, (27)
where C1 is an integration constant that can be absorbed in the definition of t. With the help of (17), (20) and (27),
the quintessence energy density becomes
ρφ(t) ∼ t
−α
2+α/2 , (28)
and the Hubble function is given by
H =
a˙
a
∼ t −α2(2+α/2) . (29)
We can see that the scalar field scales logarithmically as ln a(t) ∼ t 22+α/2 . In the case of a cosmological constant we
would have ln a(t) ∼ t. In figure 2 we show the scalar field equation-of-state parameter (defined as ω = p/ρ) and its
relative energy density. In the insets, we can see that ω → −1 and Ωφ → 1 in the asymptotic future z = −1. This
means that this solution asymptotically approaches a de Sitter universe, with ρ = V = constant at z = −1, a behavior
that can also be seen in the left panel of figure 1. In recent eras the field is still rolling with non-zero kinetic energy,
a fact that may be useful to differentiate it from a constant Λ.
In terms of the redshift z = −1 + a0a , we can rewrite equation (23) as
H(z)
H0
= [Ωr,0(1 + z)
4 + Ωm,0(1 + z)
3 + Ωφ + Ωk(1 + z)
2]
1
2 . (30)
The quintessence energy density parameter depends on M and takes the form
Ωφ(z) =
1
2 (1 + z)
2H2φ′2
3H20
+
M4+α
3H20φ
α
. (31)
If we define the function
E(z) ≡ H(z)
H0
, (32)
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FIG. 2: Equation-of-state parameter (left) and relative energy density (right) of the quintessence component.
we have
E(z) =
[
Ωr,0(1 + z)
4 + Ωm,0(1 + z)
3 + M
4+α
3φα + Ωk(1 + z)
2
1− (1+z)2φ′26
] 1
2
, (33)
where now the prime denotes derivative with respect to z. On the other hand, dividing (19) by H20 and writing in
terms of z we get
E2(z)(1 + z)2φ′′(z)2 + [E(z)E′(z)(1 + z)2 − 2E2(z)(1 + z)]φ′(z)− α M
4+α
φ(z)α+1
= 0. (34)
Equations (33) and (34) are coupled non-linear differential-algebraic equations that governs the evolution of our
anisotropic model with quintessence dark energy. To unveil its dynamics, these equations should be integrated
numerically to obtain the independent functions E(z) and φ(z).
IV. SNe Ia TESTS
For a given redshift, owing to the anisotropy of the RTKO metric, a small change in the line of sight angle θ may
cause a sensitive change in the corresponding distance. In this case it is more convenient to use the angular-diameter
distance defined as [24]
d2A =
a0χ
1 + z
[
sinh(χ sin θ)
χ sin θ
] 1
2
, (35)
with 0 < θ < pi. If we also define Z(z) ≡ ∫ z
0
dz′
E(z′) , we can rewrite the angular-diameter distance for the RTKO metric
as
d2A =
Z(z)
(1 + z)H0
{
sinh[|Ωk,0| 12Z(z) sin θ]
|Ωk,0| 12Z(z) sin θ
} 1
2
. (36)
The distance modulus, µ ≡ 5 log10
(
dL
1Mpc
)
+ 25, will have the form
µ = 5 log10
 (1 + z)Z(z)
H0
{
sinh[|Ωk,0| 12Z(z) sin θ]
|Ωk,0| 12Z(z) sin θ
} 1
2
+ 25. (37)
In the limit θ → 0, the anisotropy fades and the distance modulus reduces to that of the spatially flat FLRW model.
We can now perform a Bayesian analysis with some SNe Ia data sample. We will analyze here the SDSS compilation
[26], with data of 288 SNe Ia calibrated with the MLCS2k2 light-curve fitter [27], distributed in the redshift interval
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FIG. 3: Countours of χ2 (1σ, 2σ and 3σ confidence regions) for the φCDM model with RTKO metric and Ratra-Peebles
potential parameter α = 1.
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FIG. 4: Countours of χ2 (1σ, 2σ and 3σ confidence regions) for the φCDM model with RTKO metric and Ratra-Peebles
potential parameter α = 2.
[0.02, 1.55]. This specific fitter was chosen in order to perform a model-independent test, since its calibration is made
using low redshift SNe Ia [28]. For comparison, we will consider four different models, the ΛCDM and φCDM models
in both the spatially flat FLRW and RTKO spacetimes. In the FLRW case the free parameters to be adjusted are
{ΩM , h,M}1. For the RTKO metric they are {ΩM ,Ωk, h,M}. In this last case, the analysis is made with the angular
average of the luminosity distance for a given redshift. Its importante to notice that the M parameter was fixed
numerically and will not be analyzed here. In figures 3 and 4 we present confidence regions for different pairs of
parameters. A summary of our results is presented in Table I. The overall effect of the quintessence scalar field,
compared to the constant Λ case, is a reduction of about 0.1 in the present matter relative density, requiring a higher
dark energy density. For the quintessence equation-of-state parameter we obtain the best-fit values w0 = −0.65 for
α = 1, and w0 = −0.5 for α = 2. These results are correlated with data in table I: the quintessence field produces an
anti-gravitational effect less intense than the cosmological constant, requiring in this way a higher dark energy density.
Table II shows a comparison of the models only in the RTKO case. If we compare the RTKO models, we can see a
slightly reduction of the spatial curvature in the quintessence case. This is also because we need a higher quintessence
energy density for obtaining the luminosity distances required by SNe Ia observations. A comparison of the curves
for the three best-fit models, ΛCDM and φCDM with α = 1 and α = 2, is shown in figure 5 (left). If we analyze
the anisotropy, we find that the present supernovae data cannot, in the realm of RTKO metrics, discriminate the
existence of a preferred axis. Even if we set our model to the maximum anisotropy permitted by the data, Ωk = 0.6,
the result is virtually indistinguishable from the minimal curvature case, Ωk = 0.01. To scrutinize this we have also
fixed ΩM = 0.3 and analyzed the Ωk dependence of the relative deviation
∆µ
µ ≡ µ(θ=pi/2)−µ(θ=0)µ(θ=0) . The distinction
between the curves is pallid even for the highest permissible curvature (in 2σ), Ωk = 0.6. It can be seen that, even
for redshifts z ∼ 2, the spatial curvature would produce a deviation in distance modulus, as seen in figure 5 (right)
at most of the order of 10−5. For the best-fit value Ωk = 0.01, it would be necessary an increase in precision higher
1 Here, h is the adimensional Hubble constant defined by H0 = 100h (km/s)/Mpc.
7than 10−7 to distinguish a preferred axis within SNIa data, nevertheless, a small anisotropy is not necessarily ruled
out. On the other hand, we see that quintessence models guarantee a very good agreement with SNe Ia observations,
even on an anisotropic metric, which entails quintessence as a good dark energy candidate.
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FIG. 5: Modulus distance with best-fit Ωk = 0.01, for the analyzed models (left). The same, superimposed curves for
θ = pi/2, the θ-average, and θ = 0 (center). Relative deviations between the maximal (θ = pi/2) and minimal (θ = 0) distance
modulus (right).
Model ΩM Ωk Ωφ q0 w0
ΛCDMFLRW 0.40
+0.10
−0.10 ≡ 0 0.60 −0.39 −1.00
φCDMFLRW (α = 1) 0.30
+0.14
−0.11 ≡ 0 0.70 −0.29 −0.65
φCDMFLRW (α = 2) 0.23
+0.15
−0.15 ≡ 0 0.77 −0.35 −0.50
φCDMRTKO (α = 1) 0.29
+0.14
−0.11 0.01
+0.8
−0.8 0.70 −0.29 −0.65
φCDMRTKO (α = 2) 0.23
+0.15
−0.15 0.01
+0.8
−0.8 0.76 −0.25 −0.50
TABLE I: Best fit for some analyzed models. q0 and ω0 refer, respectively, to current deceleration and quintessence
equation-of-state parameters.
ΛCDM φCDM (α = 1) φCDM (α = 2)
ΩM Ωk ΩM Ωk ΩM Ωk
0.38+0.1−0.4 0.045
+0.6
−0.6 0.29
+0.14
−0.11 0.01
+0.4
−0.4 0.23
+0.15
−0.15 0.01
+0.4
−0.4
TABLE II: Best-fit parameters for the RTKO metric with 2σ confidence level
V. CONCLUSIONS
We have studied a quintessence model with a Bianchi type III metric. Although the particular case considered here
has zero rotation, there is a preferred axis in this spacetime, which is dependable on the metric curvature. We have
analysed the effects of anisotropic curvature and the dynamics of a quintessence model and compared to the ΛCDM
model in both isotropic and anisotropic RTKO metric. An anisotropic, time-independent field ψ is responsible for the
space anisotopy, and another dynamical quintessence field φ acts as a dark energy component with negative pressure.
The chosen Ratra-Peebles potential has led to a cosmological dynamics that is very suitable for the description of
the cosmos, because its tracker behavior does not require a very specific adjustment of the initial conditions on the
scalar field energy density . This alleviates the fine-tuning problem present in the standard ΛCDM model. We have
tested the models against the SDSS compilation of 288 SNe Ia luminosity-distance data. Our analysis has led to an
observational fit virtually indistinguishable from the standard model with constant Λ. The best fits in the quintessence
cases correspond to lower values of curvature and matter densities compared to the standard model, and to a higher
Ωφ. We have seen firstly that, the resulting quintessence model in a curved anisotropic space-time has the required
properties to be a suitable dark energy candidate and secondly that, even for the highest redshifts available for SNIa
data, the current precision of data does not allow to detect a cosmic anisotropy within that analysis.
8Acknowledgements
The authors are thankful to CNPq (Brazil) for the grants under which this work was carried out, to Roberto
Menezes for useful discussions, and to Rita Novaes for a revision.
[1] S. Perlmutter et al., Astrophys. J. 517, 565 (1999).
[2] P. de Bernardis et al., Astrophys. J. 565 (1999).
[3] D. N. Spergel et al., Astrophys. J. Suppl. 148, 175 (2003).
[4] R. G. Calberg et al., Astrophys. J. 462, 32 (1996).
[5] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989).
[6] I. Zlatev, L. -M. Wang and P. J. Steinhardt, Phys. Rev. Lett. 82, 896 (1999).
[7] P. J. Steinhardt, L. -M. Wang and I. Zlatev, Phys. Rev. D 59, 123504 (1999).
[8] H. A. Borges and S. Carneiro, Gen. Rel. Grav. 37, 1385 (2005).
[9] K. Freese, F. C. Adams, J. A. Frieman and E. Mottola, Nucl. Phys. B 287, 797 (1987).
[10] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82, 451 (2010).
[11] M. Sharif and S. Azeem, Commun. Theor. Phys. 61, 482 (2014).
[12] B. Ratra and P. J. E. Peebles, Phys. Rev. D 37, 3406 (1988).
[13] F. K. Hansen, A. J. Banday and K. M. Gorski, Mon. Not. Roy. Astron. Soc. 354, 641 (2004).
[14] Y. Akrami et al., Astrophys. J. 784, L42 (2014).
[15] I. Antoniou and L. Perivolaropoulos, JCAP 1012, 012 (2010).
[16] K. Land and J. Magueijo, Phys. Rev. Lett. 95, 071301 (2005); Mon. Not. Roy. Astron. Soc. 378, 153 (2007).
[17] T. S. Koivisto, D. F. Mota, M. Quartin and T. G. Zlosnik, Phys.Rev. D83, 023509 (2011).
[18] C. R. Fadragas, G. Leon and E. N. Saridakis, Class. Quant. Grav. 31, 075018 (2014).
[19] M. J. Rebouc¸as and J. Tiomno, Phys. Rev. D 28, 1251 (1983).
[20] V. A. Korotkii and Yu. N. Obukhov, Sov. Phys. JETP 72, 11 (1991).
[21] Y. N. Obukhov, astro-ph/0008106 (2000).
[22] S. Carneiro and G. A. Mena Maruga´n, Phys. Rev. D 64, 083502 (2001).
[23] T. S. Pereira, S. Carneiro and G. A. Mena Maruga´n, JCAP 1205 (2012) 040.
[24] R. S. Menezes Jr., C. Pigozzo and S. Carneiro, JCAP 1303, 033 (2013).
[25] S. Carneiro and G. A. Mena Maruga´n, Lect. Notes Phys. 617, 302 (2003).
[26] R. Kessler et al., Astrophys. J. Suppl. 185, 32 (2009).
[27] S. Jha, A. G. Riess and R. P. Kirshner, Astrophys. J. 659, 122 (2007).
[28] M. Li , X. D. Li and S. Wang, arXiv:0910.0717 (2009).
